Rules for integrands involving trig integral functions

1. ju SinIntegral[a + b x] dx

1: JSinIntegral [a+bx] dx

Derivation: Integration by parts

Rule:

(a +bx) SinIntegral[a+bx] Cos[a+bx]
+
b b

JSinIntegr‘al [a+bx] dx —

Program code:

Int[SinIntegral[a_.+b_.*x_],x_Symbol] :=
(a+bxx) #SinIntegral[a+bxx]/b + Cos[a+bxx]/b/;
FreeQ[{a,b},x]

Int[CosIntegral[a_.+b_.*x_],x_Symbol] :=
(a+bxx) xCosIntegral[a+bsx]/b - Sin[a+bxx]/b /;
FreeQ[{a,b},x]

2. j(c +dx)" SinIntegral[a + b x] dx

SinIntegral[b x
1: j & [bx] dx
X

Basis: sinIntegral[z] == 1 (ExpIntegralE[1, -1 z] - ExpIntegralE[1, i z] +Log[-i z] - Log[i z])

Basis: CosIntegral[z] == (— ExpIntegralE[1, -i z] - ExpIntegralE[1, i z] - Log[-1 z] - Log[i z] +2 Log[z])

N |

Rule:

X —

J-SinIntegr'al [bx] a
X
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1
— b x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -i bx] + — b xHypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, i bx]
2 2

Program code:

Int[SinIntegral[b_.x_]/x_,x_Symbol] :=
1/2xbxxxHypergeometricPFQ[{1,1,1},{2,2,2},-Ixbxx] +

1/2xbxxxHypergeometricPFQ[{1,1,1},{2,2,2},Ixbxx] /;
FreeQ[b,x]

Int[CosIntegral[b_.xx_]/x_,x_Symbol]

-1/2xIxbxxxHypergeometricPFQ[{1,1,1},{2,2,2},-Ixbxx] +

1/2xIxbxxxHypergeometricPFQ[{1,1,1},{2,2,2},Ixbxx] +
EulerGammaxLog[x] +

1/2xLog[bxx]"2 /;
FreeQ[b,x]

2: J(c +dx)™SinIntegral[a + bx] dx whenm# -1

Derivation: Integration by parts

Rule: If m + -1, then

. (c +dx)™?* sinIntegral[a + b x] b (c +dx)™*Sin[a + bx]
j(c +dx)"SinIntegral[a + bx] dx — - p J
(m+1)

dx
d(m+1) a+bx

Program code:

Int[(c_.+d_.#x_)"m_.*SinIntegral[a_.+b_.xx_],x_Symbol] :=
(c+d*x)”~ (m+1) *SinIntegral [a+b*x]/(d* (m+1)) -

b/ (d+ (m+1)) »Int[ (c+dxx) A (m+1) xSin[a+bxx]/(a+bxx),x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]

Int[(c_.+d_.*x_)”m_.xCosIntegral[a_.+b_.xx_],x_Symbol]
(c+dxx)~ (m+1) *xCosIntegral[a+bxx]/ (d* (m+1)) -

b/ (d* (m+1) ) *Int [ (c+dxx)~ (m+1) *xCos [a+bxx]/ (a+b*x) ,x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]
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2. Ju SinIntegral[a + bx]%dx

1: JSinIntegral [a+bx]2dx

Derivation: Integration by parts

Rule:

jsinIntegral [a+bx]?dx —

Program code:

Int[SinIntegral[a_.+b_.xx_]"2,x_Symbol] :
(a+bxx) xSinIntegral[a+bxx]*2/b -
2+Int[Sin[a+b+x] +SinIntegral [a+bxx],X]

FreeQ[{a,b},x]

~
e

Int[CosIntegral[a_.+b_.*x_]72,x_Symbol]
(a+bxx) xCosIntegral[a+bxx]"2/b -
2xInt[Cos[a+bxXx] *CosIntegral [a+b*x],Xx] /;

FreeQ[{a,b},x]

(a+bx) SinIntegral[a +bx]2

b

-2 jsin [a +bx] SinIntegral[a + b x] dx
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2. J(c +dx)"SinIntegral[a + b x]2dx

1: |x"SinIntegral[bx]?dx whenmez*

Derivation: Integration by parts

Rule: If m € z*, then

x™! SinIntegral([b x]? 2

fx’" Sin[b x] SinIntegral[b x] dx

J.x'“ SinIntegral[bx]?dx —
m+1 m+1

Program code:

Int[x_~m_.xSinIntegral[b_.+x_]~2,x_Symbol] :=

X~ (m+1) #SinIntegral [bxx]~2/ (m+1) -

2/ (m+1) »Int[x mxSin[bxx] *SinIntegral [b+x],x]| /;
FreeQ[b,x] && IGtQ[m,Q]

Int[x_”~m_.xCosIntegral[b_.xx_]72,x_Symbol] :=
X" (m+1) *CosIntegral [bxx] "2/ (m+1) -

2/ (m+1) »Int [x"m+Cos [bxx] *xCosIntegral [bxx],x] /;
FreeQ[b,x] && IGtQ[m,9]

2: J(c +dx)"sinIntegral[a + bx]2dx when mez*

Derivation: Iterated integration by parts

Rule: If m € z*, then

J(c +dx)™SinIntegral[a+bx]2dx —

(a+bx) (c+dx)"SinIntegral[a +bx]?
b (m+1)
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2

j(c +dx)™Sin[a + b x] SinIntegral[a + bx] dx +
m+1

Program code:

Int[(c_.+d_.#x_)~m_.+SinIntegral[a_+b_.*x_]"2,x_Symbol] :=

(a+bx) * (c+d*x) *mxSinIntegral [a+bxx]~2/ (b (m+1)) -

2/ (m+1) »Int[ (c+d*X) *mxSin[a+b#x] *SinIntegral[a+bx],x]| +

(bxc-axd) *m/ (bx (m+1) ) »Int [ (c+dx) " (m-1) «SinIntegral [a+bxx]"2,x] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0]
Int[(c_.+d_.*x_)”~m_.xCosIntegral[a_+b_.xx_]”2,x_Symbol] :=

(a+bxx) * (c+d*x) “mxCosIntegral [a+bxx]”*2/ (bx (m+1)) -

2/ (m+1) *Int [ (c+d*x) *mxCos [a+bxx] xCosIntegral[a+bxx],x] +

(bxc-axd) *m/ (bx (m+1) ) *Int[ (c+d*x)” (m-1) xCosIntegral[a+bxx]”*2,x] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0]

X: Jx’" SinIntegral[a +bx]%dx whenm+2ez"

Derivation: Inverted integration by parts

Rule:lf m+ 2 € z7, then

'(bc—ad)m

b (m+1)

b x™2 SinIntegral[a + b x]2

j(c +dx)™*SinIntegral[a + bx]2dx

x™!sinIntegral[a + b x]?

Jx“‘ SinIntegral[a + bx]2dx —

2b
a(m+1)

Program code:

(* Int[x_"m_.+SinIntegral[a_+b_.*x_]"2,x_Symbol] :=
bxx” (m+2) xSinIntegral [a+bxx]"2/ (ax (m+1)) +
X~ (m+1) #SinIntegral [a+bxx]"2/ (m+1) -
2xb/ (a* (m+1) ) »Int[x~ (m+1) xSin[a+bxx] xSinIntegral[a+bxx],x] -
bx (m+2) / (ax (m+1) ) *Int[x" (m+1) xSinIntegral[a+bxx]"2,x]| /;
FreeQ[{a,b},x] && ILtQ[m,-2] *)

Jxm*l Sin[a + bx] SinIntegral[a +bx] dx -

a((m+1)

b (m+2)
a(m+1)

m+1

jxm*l SinIntegrall[a + bx]2dx
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(* Int[x_~m_.xCosIntegral[a_+b_.xx_]”2,x_Symbol] :=
bxx” (m+2) xCosIntegral[a+bxx] "2/ (a* (m+1)) +
x~ (m+1) xCosIntegral[a+bxx]”2/ (m+1) -
2xb/ (a* (m+1) ) *Int [x"* (m+1) xCos [a+bxx] *CosIntegral [a+bxx],x] -

bx (m+2) / (a* (m+1) ) *Int [x* (m+1) *CosIntegral[a+bxx]"2,x] /;
FreeQ[{a,b},x] &% ILtQ[m,-2] *)

3. Ju Sin[a + b x] SinIntegral[c +dx] dx

1: jsin[a + b x] SinIntegral[c +d x] dx

Reference: G&R 5.32.2
Reference: G&R 5.31.1
Derivation: Integration by parts

Rule:

. X Cos[a+bx] SinIntegral[c+dx] d Cos[a+bx] Sin[c +dx]
JSln[a +bx] SinIntegral[c+dx] dx — - + —J dx

b b c+dx

Program code:

Int[Sin[a_.+b_.#x_]SinIntegral[c_.+d_.*x_],x_Symbol] :
-Cos [a+bxx] *SinIntegral[c+dx]/b +
d/bxInt[Cos [a+bsx]*Sin[c+dxx]/ (c+d*x),X] /;
FreeQ[{a,b,c,d},x]

Int[Cos[a_.+b_.*x_]*CosIntegral[c_.+d_.*x_],x_Symbol]
Sin[a+bxx] xCosIntegral[c+dxx]/b -
d/b+Int[Sin[a+bxx]*Cos [c+dxx]/ (c+d*X),x]| /;

FreeQ[{a,b,c,d},x]
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2. J(e +fx)"sin[a+bx] SinIntegral[c +dx] dx

1: J(e +fx)"sin[a +bx] SinIntegral[c +dx] dx when me z*

Derivation: Integration by parts

Rule: If m € z*, then

j(e +fx)"sin[a+bx] SinIntegral[c +dx] dx —

(e+fx)"Cos[a+bx] SinIntegral[c+dx] d (e+fx)"Cos[a+bx]Sin[c+dx] £m -
- +—J d1x+T (e +fx)™" Cos[a+bx] SinIntegral[c +dx] dx

b b c+dx

Program code:

Int[(e_.+f_.#x_)"m_.#Sin[a_.+b_.xx_]SinIntegral[c_.+d_.*x_],x_Symbol] :
- (e+fxx) *m«xCos [a+bxx] xSinIntegral [c+dxx] /b +
d/bxInt[ (e+fxx) mxCos [a+bxx]+Sin[c+dxx]/(c+dxx),x] +
fxm/bxInt[ (e+fxx)~ (m-1) xCos [a+bxx] xSinIntegral[c+dxx],x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0]

Int[(e_.+f_.#x_)"m_.xCos[a_.+b_.*x_]CosIntegral[c_.+d_.*x_],x_Symbol] :
(e+f*x) ~mxSin[a+bxx] *CosIntegral[c+d*x] /b -
d/bsInt [ (e+fxx)~m«Sin[a+bxx]*Cos[c+dxx]/ (c+d*X),x]| -
fxm/bxInt [ (e+fxx)" (m-1)+Sin[a+bxx]xCosIntegral[c+d«x],x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0]

2: J(e +fx)"sin[a+bx] SinIntegral[c +dx] dx whenm+1ez"

Derivation: Inverted integration by parts

Rule:lf m+1 €z, then
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J(e +fx)"sin[a+bx] SinIntegral[c +dx] dx —

(e+ -Fx)m+1

dx

Sin[a + b x] SinIntegral[c +d x] d (e+1:x)'"+1 Sin[a+bx] Sin[c +d x] b
J c+dx ) f (m+1)

- J(e+fx)"”1 Cos[a+bx] SinIntegral[c +dx] dx
f (m+1) f (m+1)

Program code:

Int[(e_.+f_.#x_) m_xSin[a_.+b_.*x_]+SinIntegral[c_.+d_.*x_],x_Symbol] :=
(e+fxx) " (m+1) xSin[a+bxx] +SinIntegral [c+d«x]/(fx (m+1)) -
d/(f* (m+1) ) *Int [ (e+'F*X) A(m+1) *Sin[a+bxx] xSin [c+d*x]/(c+d*x) ,X] -
b/ (fx (m+1) ) *»Int [ (e+fxx)~ (m+1l) xCos [a+bxx]+SinIntegral[c+dx],x] /;
FreeQ[{a,b,c,d,e,f},x] && ILtQ[m,-1]

Int[(e_.+f_.#x_)~m_.xCos[a_.+b_.»x_]*CosIntegral[c_.+d_.*x_],x_Symbol] :=
(e+fxx) " (m+1) xCos [a+bxx] +CosIntegral [c+d#x]/(fx (m+1)) -
d/(f* (m+1) ) *Int [ (e+'F*x) A (m+1) xCos [a+bxx] xCos [c+d*X] / (c+d*X) ,x] +
b/ (f* (m+1) ) +Int[ (e+fxx)~(m+l) +Sin[a+bxx]+CosIntegral[c+d*x],x] /;
FreeQ[{a,b,c,d,e,f},x] && ILtQ[m,-1]
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4. Ju Cos[a + bx] SinIntegral[c +dx] dx

1: | Cos[a+bx] SinIntegral[c +dx] dx

Reference: G&R 5.32.1
Reference: G&R 5.31.2
Derivation: Integration by parts

Rule:

. Sin[a + bx] SinIntegral[c+dx] d Sin[a+bx] Sin[c+dXx]
JCos [a+bx] SinIntegral[c +dXx] dx — - = J dx

b b c+dx

Program code:

Int [Cos [a_.+b_.*x_]*SinIntegral[c_.+d_.x_] ,x_Symbol] g
Sin[a+bxx] xSinIntegral[c+d+x] /b -
d/bxInt[Sin[a+bsx]*Sin[c+d*x]/ (c+d*x),x] /;

FreeQ[{a,b,c,d},x]

Int[Sin[a_.+b_.#x_]*CosIntegral[c_.+d_.xx_],x_Symbol] :
-Cos [a+bxx] *CosIntegral[c+d*x]/b +
d/bxInt[Cos[a+bxx] *Cos[c+d*xXx]/ (c+dxXx),x] /;
FreeQ[{a,b,c,d},x]
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2. J(e + fx)" Cos[a+bx] SinIntegral[c +dx] dx

1: J(e +fx)" Cos[a+bx] SinIntegral[c +dx] dx when me z*

Derivation: Integration by parts

Rule: If m € z*, then

j(e +fx)" Cos[a+bx] SinIntegral[c +dx] dx —

b b

(e+fx)"sin[a+bx] SinIntegral[c+dx] d J-(e+-Fx)'“Sin[a+bx] Sin[c +dx]

c+dx

Program code:

Int[(e_.+f_.#x_)~m_.xCos[a_.+b_.+x_]SinIntegral[c_.+d_.*x_],x_Symbol]
(e+Fxx) *m«Sin[a+bxx] +SinIntegral[c+d«x] /b -
d/bxInt[ (e+fxx) m+Sin[a+bxx]+Sin[c+dxx]/(c+dxx),x] -
fxm/bxInt[ (e+fxx)~(m-1) xSin[a+bxx] »SinIntegral[c+dxx],x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0]

Int[(e_.+f_.#x_)~m_.*Sin[a_.+b_.*x_]CosIntegral[c_.+d_.*x_],x_Symbol]
- (e+-F*x) “mxCos [a+bxx] *CosIntegral [c+d*x] /b +
d/bsInt [ (e+fxx)~m«Cos[a+bxx]*Cos [c+dxX]/ (c+d*X),X]| +
fxm/bxInt [ (e+fxx)" (m-1) xCos[a+bxx]xCosIntegral[c+d«x],x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0]

2: J(e +fx)" Cos[a+bx] SinIntegral[c +dx] dx whenm+1ez"

Derivation: Inverted integration by parts

Rule:lf m+1 €z, then

dx -

fm

b

(e+f x)""l Sin[a+ bx] SinIntegral[c +dx] dx
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J(e +fx)" Cos[a+bx] SinIntegral[c +dx] dx —

(e+ -Fx)m+1

b

Cos[a+bx] SinIntegral[c +dx] d J~(e+1:x)'""1 Cos[a+bx] Sin[c +dXx]

f (m+1) _-F(m+1) c+dx

Program code:

Int[(e_.+f_.#x_)~m_.xCos[a_.+b_.»x_]SinIntegral[c_.+d_.*x_],x_Symbol] :=
(e+fxx) " (m+1) xCos [a+bxx] +SinIntegral [c+d«x]/(fx (m+1)) -
d/(f* (m+1) ) *Int [ (e+'F*X) A (m+1) xCos [a+bxx] xSin [c+d*x]/(c+d*x) ,X] +
b/ (fx (m+1) ) +Int[ (e+fxx)~(m+l) xSin[a+bxx]«SinIntegral[c+dx],x] /;
FreeQ[{a,b,c,d,e,f},x] && ILtQ[m,-1]

Int[(e_.+f_.#x_) m_xSin[a_.+b_.*x_]*CosIntegral[c_.+d_.*x_],x_Symbol] :=
(e+fxx) " (m+1) +Sin[a+bxx] +CosIntegral[c+dsx]/(fx (m+1)) -
d/(f* (m+1) ) *Int [ (e+'F*x) A(m+1) *Sin[a+bxx] *Cos [c+d*X] / (c+d*X) ,x] -
b/ (f* (m+1) ) +Int[ (e+fxx)~ (m+1l) xCos[a+bxx]+CosIntegral[c+dx],x] /;
FreeQ[{a,b,c,d,e,f},x] && ILtQ[m,-1]

dx +

f(m+1)

J(e +f x)"1+1 Sin[a+ bx] SinIntegral[c +dx] dx

11
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5. Ju SinIntegral|[d (a+bLog[cx"])] dx

1: [SinIntegral[d (a+blog[cx"])] dx

Derivation: Integration by parts

bdnSin[d (a+blog[cx"])]
X (d (a+bLog[cx"]))

Basis: Ox SinIntegral[d (a+bLog[cx"])] =

Rule: If m + -1, then

sin[d (a+blog[cx"])]

Jginlntegral[d(a-+bLog[cx"])]dx — xSinIntegral[d(a-+bLog[cx"])]-bdn‘f
d (a+blLog[cx"])

Program code:

Int[SinIntegral[d_.*(a_.+b_.*Log[c_.*x_An_.])],x_Symbol] g=
xxSinIntegral [dx (a+bxLog[cxx*n])] - b*d*n*Int[Sin[d*(a+b*Log[c*xAn])]/(d*(a+b*Log[c*xAn])),x] /3
FreeQ[{a,b,c,d,n},x]

Int[CosIntegral[d_.=*(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
xxCosIntegral[dx (a+bxLog[cxx*n])] - bxdxnxInt[Cos[dx (a+bxLog[c*x”n])]/ (d* (a+bxLog[cxx*n])),x] /;
FreeQ[{a,b,c,d,n},x]

dx

12
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SinIntegral|[d (a+blog[cx"])]
2: j dx

X

Derivation: Integration by substitution
Basis: FlLeal<xtl —- L subst [F[x], X, Log[c x"]] OxLog[c x"]

Rule:

SinIntegral[d (a+bLlog[cx"])] 1
J dx — —Subst[SinIntegralld (a+bx)], X, Log[cx"]]
X n

Program code:

Int[F_[d_.*(a_.+b_.xLog[c_.*x_"n_.])1/x_,x_Symbol] :=
1/n%Subst [F[d* (a+b*x) ],Xx,Log[c*x*n]] /;
FreeQ[{a,b,c,d,n},x] && MemberQ[{SinIntegral,CosIntegral},x]

13
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3: J(e x)"SinIntegral[d (a+blog[cx"])] dx whenmg -1

Derivation: Integration by parts

bdnSin[d (a+blog[cx"])]
x (d (a+bLog[cx"]))

Basis: Ox SinIntegral[d (a+b Log[cx"])] ==

Rule: If m + -1, then

(ex)™*SinIntegral[d (a+bLlog[cx"])] bdn J (ex)"sin[d (a+blLog[cx"])]
- dx

j(e x)"SinIntegral|[d (a+blog[cx"])] dx —

e (m+1) m+1 d(a+blog[cx"])

Program code:

Int[(e_.*x_)"m_.+SinIntegral[d_.+(a_.+b_.xLog[c_.*x_"n_.])1,x_Symbol] :=
(exx)”~ (m+1) *SinIntegral [d* (a+bxLog[cxXx”*n]) ]/(e* (m+1)) -
bxdxn/ (m+1) +Int [ (exx) "m«Sin[dx (a+bxLog[c#x"n])]/(d (a+bxLog[c*x"n])),x] /;

FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[m,-1]

Int[ (e_.*x_)”~m_.xCosIntegral[d_.=x(a_.+b_.xLog[c_.*x_"n_.]1)],x_Symbol] :=
(exx)”~ (m+1) xCosIntegral [d+ (a+bxLog[c*x*n]) ]/ (ex (m+1)) -
bxdxn/ (m+1) *Int[ (exx) *mxCos [d* (a+bxLog[c*x*n]) ]/ (d* (a+bxLog[c*x*n])) ,x] /;
FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[m,-1]



